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E-mail address: jw.wylie@qub.ac.uk (J. Wylie).This longitudinal study sought to identify developmental changes
in strategy use between 5 and 7 years of age when solving exact
calculation problems. Four mathematics and reading achievement
subtypes were examined at four time points. Five strategies were
considered: ﬁnger counting, verbal counting, delayed retrieval,
automatic retrieval, and derived fact retrieval. Results provided
unique insights into children’s strategic development in exact cal-
culation at this early stage. Group analysis revealed relationships
between mathematical and/or reading difﬁculties and strategy
choice, shift, and adaptiveness. Use of derived fact retrieval by
7 years of age distinguished children with mathematical difﬁcul-
ties from other achievement subtypes. Analysis of individual differ-
ences revealed marked heterogeneity within all subtypes,
suggesting (inter alia) no marked qualitative distinction between
our two mathematical difﬁculty subtypes.
 2012 Elsevier Inc. All rights reserved.Introduction
It is widely accepted that the mix and sophistication of strategy use in tasks involving number and
arithmetic provide a useful indication of a child’s developmental progress in these areas (e.g., Geary,
Hoard, Nugent, & Byrd Craven, 2007; Siegler, 1996). In general, the typical development of expertise in
numerical cognition is considered to involve the gradual discarding by young children of slower, less
efﬁcient reconstructive processes in favor of a mixture of more sophisticated reconstructive and re-
trieval-based processes and, ultimately, to the use of efﬁcient retrieval-based strategies by older chil-
dren and adults (e.g., Zbrodoff & Logan, 2005). By contrast, atypical development is characterized byc. All rights reserved.
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strategies, depending on the speciﬁc nature of the mathematical difﬁculty (Geary & Hoard, 2005). A
consistent ﬁnding has been that children with mathematical difﬁculties show deﬁcits in the use of re-
trieval-based processes, as evidenced by a persistently reduced frequency of accurate retrieval of
number facts compared with typically achieving children. Moreover, these children have been found
to rarely use derived fact retrieval strategies such as decomposition (Geary et al., 2009).
In typically developing children, initial attempts at calculation usually involve guessing and esti-
mation (Jordan, Kaplan, Ramineni, & Locuniak, 2008; Jordan, Levine, & Huttenlocher, 1994). When
children begin formal instruction, they are ﬁrst taught to add single-digit numerosities using count-
ing-based strategies such as ﬁnger or verbal counting, and these strategies increase in efﬁciency
and sophistication with age (e.g., Geary et al., 2007). Eventually, after repeated practice, a long-term
memory representation is formed between an answer and the problem, and there is a corresponding
shift from counting- to retrieval-based procedures (Siegler, 1996; Siegler & Shrager, 1984).
Comparisons between the strategy development of typically achieving children and those with
mathematical difﬁculties have provided important insights into the nature and underlying causes of
mathematical difﬁculty (e.g., Geary et al., 2009; Jordan et al., 2008). Two speciﬁc aspects of strategy
development are of interest, namely, strategy mix and relative effectiveness. Typically, studies have
focused on the extent to which children’s solution strategies are based on counting or retrieval. More
speciﬁcally, researchers have tended to classify strategies, either observed or self-reported, according
to the level of maturity (e.g., DeCorte & Verschaffel, 1987; Geary, Hamson, & Hoard, 2000; Hanich, Jor-
dan, Kaplan, & Dick, 2001; Ostad, 1999; Siegler & Shrager, 1984). From less to more mature, those
commonly identiﬁed have been ﬁnger counting or use of other physical referents, verbal counting
not obviously involving physical referents, relatively slow delayed retrieval with no observable strat-
egy, and the more mature strategies involving relatively fast direct/automatic retrieval, with no obser-
vable strategy and thus assumed to involve retrieval of a known fact, and derived fact retrieval,with the
answer derived from a known fact or arithmetical principle, typically through commutativity, decom-
position, associativity, or use of relationships between different operators and requiring explicit
understanding of the relationships between number facts (Dowker, 2009).
Subtype differences in strategy use and effectiveness
Geary and colleagues (2000) investigated strategy choice and accuracy on simple addition prob-
lems in 7-year-olds (mean age = 82 months) and again 1 year later. They reported that at age 7, chil-
dren with mathematical difﬁculty (MD children) and those with comorbid mathematical and reading
difﬁculty (MDRD children) made similar numbers of counting errors. In terms of strategy mix, both
subtypes exhibited approximately equal use of counting and retrieval strategies. By contrast, children
with reading difﬁculty (RD children) and typically achieving (TA) children demonstrated virtually
exclusive use of the less developmentally mature counting strategies, but with much higher accuracy
levels than MD and MDRD children, suggesting that MD children were making inappropriate use of
direct retrieval, whereas TA and RD children were choosing appropriately.
Geary and colleagues (2000) reported that by 8 years of age, both TA and RD children exhibited a
shift toward direct retrieval, again with very low error rates, whereas MD children showed a clear shift
away from retrieval toward verbal counting. MDRD children were also found to use more counting-
based strategies. All four subtypes produced much lower error rates than at 7 years of age, although
MDRD children still performed relatively poorly. In general, at age 8, MD children’s counting accuracy
has been widely reported to be greater than that of MDRD children on untimed arithmetic tasks
(Geary, Hoard, & Hamson, 1999; Jordan & Hanich, 2000; Jordan & Montani, 1997) and comparable
to that of TA and RD children (Geary et al., 2000; Jordan, Hanich, & Kaplan, 2003), although on forced
retrieval tasks their performance is comparable to that of MDRD children.
Thus, there is strong evidence to suggest that young MD or MDRD children differ from TA children
in terms of frequency and efﬁciency of strategy use. However, the few studies that have examined
children’s mathematical difﬁculties using longitudinal or age/ability matched designs have produced
mixed evidence regarding whether strategy development in these subtypes is characterized by persis-
tent deﬁcits or by developmental delay. In a longitudinal study of TA children between kindergarten
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ing and a corresponding decrease in the adaptiveness of the strategy, indicated by a decrease in the
correlation between frequency of use and accuracy. In other studies, MD children have been found
to rarely use direct retrieval and to frequently use backup strategies, suggesting little evidence of
the typical shift from immature to more mature strategies throughout the elementary school years
(Geary, Brown, & Samaranayake, 1991; Ostad, 1997). This tendency has also been reported in MDRD
children (Geary et al., 2000). Strategy efﬁciency comparisons by Geary and colleagues (1991) revealed
that, over time, MD children became more skilled at ﬁnger counting but not at direct retrieval. These
ﬁndings suggest that MD children may fail to make the shift from more immature counting proce-
dures to direct retrieval due to persistent deﬁcits in number fact retrieval.
Other researchers have suggested that fact retrieval difﬁculties in MD children represent a devel-
opmental delay rather than a persistent deﬁcit. In a study of 10-year-old MD children employing an
age/ability matched design (Torbeyns, Verschaffel, & Ghesquiere, 2004), MD children were found to
differ from age-matched controls in terms of frequency, efﬁciency, and adaptiveness of strategy use.
On the other hand, these children did not differ from an ability-matched group on any of these aspects,
suggesting that their strategy use was characterized by a developmental delay. Furthermore, Jordan
and colleagues (2003) reported that neither MD nor MDRD subtypes differed signiﬁcantly from TA
children in terms of overall rate of growth on a forced retrieval task, and Geary and colleagues’
(2000) longitudinal study found that MD children, and to a lesser extent MDRD children, displayed
considerable reductions in both procedural and retrieval errors over time.Individual differences in strategy use and effectiveness
Although it is widely acknowledged that there are marked individual differences in components of
arithmetical cognition, even among typically achieving groups of children and typical adults (Dowker,
2005), virtually all of the data presented in the literature on the development of counting and arith-
metic have been at the level of the group. Recently, Jordan, Mulhern, and Wylie (2009) argued for the
need to consider individual differences when studying children’s arithmetical development and for
adopting a longitudinal perspective to such individual differences. In a study of several components
of mathematical achievement in TA children, they reported that whereas analysis of group data sug-
gested linear growth over time, analysis of individual differences provided an altogether different pic-
ture. Children were found to differ markedly from each other on initial status, ﬁnal status, growth rate,
and shape of trajectory on seven arithmetical tasks and were even found to differ within themselves
on these parameters across tasks. Although Jordan and colleagues studied performance rather than
strategy development, their ﬁndings suggest that a focus on individual differences in strategy use over
time may reveal similar ﬁndings regarding possible discrepancies between group and individual
trajectories.
The issue of individual differences is compounded when achievement groups other than TA chil-
dren are considered. Although previous research has revealed important ﬁndings regarding the devel-
opment of arithmetical cognition within groups with singular or comorbid mathematical and reading
difﬁculties, a consideration of the relative impact of between- and within-group effects would greatly
inform the issue of the relationship between achievement difﬁculties and arithmetical development.The current study
The aims of this study were to investigate the use of various strategies for exact calculation in chil-
dren younger than those reported in previous research. Speciﬁcally, using a longitudinal design, we
sought to identify developmental changes in strategy use by children at four time points between 5
and 7 years of age and in four achievement subtypes (TA, MD, RD, and MDRD). In addition to group
differences, we investigated the extent of individual differences in strategy use over time within each
subtype. We also examined the effectiveness of different strategies for exact calculation for the four
subtypes. A further aim was to address whether individual differences within the MD and MDRD
groups were consistent with the view that these are qualitatively different subtypes.
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Participants
A total of 85 children participated in the study. They had been selected from an initial screening sample
of 256 children (141 boys and 115 girls) from 14 local schools representing the full range of socioeconomic
status (SES) based on the Northern IrelandMultiple DeprivationMeasure (Northern Ireland Statistics & Re-
search Agency, 2005). The mean standardized nonverbal IQ for the ﬁnal sample was 95.32 (SD = 11.79)
based on the Nonverbal cluster of the British Ability Scales II (Elliott, Smith, & McCulloch, 1997).
All participating schools were part of the mainstream primary school system in Northern Ireland,
which is based on the U.K. National Curriculum. Children start school in Northern Ireland from the
age of 4 years 2 months, with amean age of 4 years 8 months during the ﬁrst year of schooling. Recruit-
ment was carried out on the basis of informed written parental consent. At the time of the screening,
children’smean agewas approximately 5 years and all participants spoke English as their ﬁrst language.
Materials and procedure
Screening measures and subtype classiﬁcation
The Rhyme Detection and Phoneme Deletion (beginning sounds) subtests of the Phonological Abil-
ities Test (PAT; Muter, Hulme, & Snowling, 1997) measured children’s phonological ability. In the
Rhyme Detection subtest, children selected which of three words rhymed with a stimulus word
(e.g., cat—which word rhymes? ﬁsh, gun, or hat). For the Phoneme Deletion (beginning sounds) subtest,
children orally deleted the ﬁrst phoneme of a single syllable word (e.g., ‘‘bus without the [b] says . . .’’).
The Alphabet subtest of the Test of Early Reading Ability (TERA; Reid, Hresko, & Hammill, 2001)mea-
sures sound–letter correspondence and children’s knowledge of the letters of the alphabet. More specif-
ically, the itemsassess awarenessof letters indifferent fontsandknowledgeof syllables and letternames.
The Test of Early Mathematics Ability (TEMA; Ginsburg & Baroody, 2003) identiﬁes mathematical
difﬁculties in children 3 years 0 months to 8 years 11 months of age. It assesses a broad range of for-
mal and informal mathematical skills, including number comparison, nonverbal arithmetic, counting,
problem solving, numbering skills, numeral literacy, mastery of number facts, calculation skills, and
understanding of concepts. For the purposes of the current study, a number of minor adaptations were
made, for example, to items referring to American currency and names.
All tests were administered individually, with a typical testing session lasting 30 min. Children who
scored at or below the 25th percentile in at least two of the three testing phases were classiﬁed as hav-
ing difﬁculty in that particular achievement area. To be considered as typically achieving, children
needed to score at or above the 40th percentile on the relevant test. The speciﬁc achievement criteria
for the various subtypes were as follows: for MD, TEMA score at or below the 25th percentile and PAT
and TERA Alphabet scores at or above the 40th percentile; for RD, PAT and TERA Alphabet scores at or
below the 25th percentile and TEMA score at or above the 40th percentile; for MDRD, at or below the
25th percentile on all screening tests; and for TA, at or above the 40th percentile on all screening tests.
Children with test scores in the 26th to 39th percentile range were unclassiﬁed.
From this screening, the most prevalent learning difﬁculty subtype was MD (26%), followed by
MDRD (21%) and RD (19%), with 34% of the sample being typically achieving. With the exception of
the TA subtype, boys outnumbered girls and, in the case of MDRD and RD, did so by a ratio of approx-
imately 2:1. Those children allocated to the MDRD subtype were matched as closely as possible on
reading ability with the RD subtype and on mathematics ability with the MD subtype. Similarly,
the TA subtype was matched as closely as possible on reading ability with the MD subtype and on
mathematics ability with the RD subtype. The mean percentile scores for the various subtypes are
shown in Table 1. Care was taken to ensure that, as far as possible for each school, there was a similar
mix of each of the four subtypes and all subtypes were matched for age.
Table 1 displays the ability information for each subtype and the number of children who received
math and/or reading help throughout the longitudinal study. Although MD and MDRD children were
just as likely to receive mathematics intervention, MDRD children were more likely to receive extra
help with reading than were RD children.
Table 1
Subtype characteristics.
Subtype n Mathematics intervention
(n)
Reading intervention
(n)
Mathematics mean
percentile
Reading mean
percentile
TA 29 0 0 54.76 75.83
RD 16 0 2 50.31 21.06
MD 22 5 1 19.73 59.00
MDRD 18 3 6 19.28 11.94
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The exact calculation taskwas based on that used byHanich and colleagues (2001) and Jordan and col-
leagues (2003). Because the problems used in these studieswere designed for usewith children from 7 to
9 years of age, the difﬁculty of itemswas adjusted for 5- to 7-year-olds by reducing the numerical values
of the operands to single digits. The number of items was also reduced from eight to six. The adaptation
was piloted on a sample of children containing roughly equal numbers of participants from all subtypes.
Because performance did not produce either ﬂoor or ceiling effects for any subtype, the problems were
deemed to be appropriate. During the pilot phase, the three authors tested in all three combinations of
experimenter pairings in order to establish the reliability of strategy identiﬁcation. Discrepancies be-
tween experimenters were noted and later discussed, and this process continued until very high levels
of agreement (>98%)were achieved.During the experimental phase, therewas regular reliability checking
and overall reliability was maintained at greater than 98% at each of the four time points.
The six single-digit arithmetic problems (three addition and three subtraction) were presented
both orally and visually in horizontal orientation. Children were told that they could use whatever
method they wished to get each answer and to speak the answer as soon as they knew it. Each child
completed the task at four time points separated by an average of six monthly intervals, with mean
ages (and standard deviations) of 65 (3.89), 71 (3.78), 77 (3.68), and 83 (3.65) months (changes in
standard deviations over time reﬂect minor variations in sample size due to missing participants at
a given time point).
Following each problem, children were asked how they had worked out the answer and the re-
sponse was recorded verbatim. Based on these self-reports and on experimenter observation, each
trial was classiﬁed as one of ﬁve strategies: ﬁnger counting (observed use of physical referents, invari-
ably ﬁngers), verbal counting (reported or observed counting without the use of ﬁngers or other phys-
ical referents), delayed retrieval (no reported or observed strategy and response after more than 5 s,
with the child assumed to be working out the answer in his or her head and relying on working mem-
ory during calculation), automatic retrieval (no reported or observed strategy and response within 5 s,
assumed to involve direct recall of the solution from memory), and derived strategy use (evidence of
use of strategies based on rules and relationships between number facts such as identity, commuta-
tivity, addend +1, addend –1, and addition/subtraction inverse principles) (Dowker, 1998). In practice,
the distinction between delayed retrieval and automatic retrieval was very clear, with virtually all re-
trieval responses classiﬁed as automatic occurring within 4 s, even at Time 1, and all classiﬁed as de-
layed retrieval occurring beyond 5.5 s.
In cases where the experimenter’s observation and the child’s reported strategy were contradic-
tory, the experimenter’s observation was used if the child’s method was obvious (e.g., ﬁnger counting).
In cases where the experimenter was unsure which strategy the child used, the trial was classiﬁed
according to the response reported by the child (Geary et al., 2000; Jordan et al., 2003).
Results
Group analysis
Overall performance by subtype
Fig. 1 presents the overall accuracy for the four achievement subtypes at each time point irrespec-
tive of strategy used. Two-way mixed analysis of variance (ANOVA) revealed no evidence of a
Time  Subtype interaction but showed highly signiﬁcant main effects of time, F(3,198) = 75.93,
Fig. 1. Mean accuracy by subtype and time. Error bars indicate ±1 standard error of the mean.
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niﬁcant best ﬁt linear trends across time for each subtype, and simple contrasts conﬁrmed signiﬁcant
differences across all time points for all subtypes. Overall, children displayed mean accuracy rates of
between 0.9 (MD/MDRD) and 2.9 (TA) items at Time 1 and between 3.5 (MD) and 5.7 (TA) items at
Time 4.
Paired comparisons revealed that TA children signiﬁcantly outperformed all other subtypes at all
time points. RD children signiﬁcantly outperformed MDRD children at Times 2 and 3 and were signif-
icantly better than MD children at Times 1 and 4. There were no signiﬁcant differences between MD
and MDRD children at any time point.
Strategy mix by subtype
Of the ﬁve strategies of interest, verbal counting was rarely observed throughout this developmen-
tal period for any subtype, and consequently this strategy was excluded from analysis. Overall, the two
most frequently observed strategies were automatic retrieval and ﬁnger counting. At Time 1, when
children were 5 years 5 months of age on average, TA and RD subtypes used the less developmentally
mature strategy of ﬁnger counting most frequently (Fig. 2). MD andMDRD children, on the other hand,
were found to use automatic retrieval most, followed by the two reconstructive strategies of ﬁnger
counting (MD) and delayed retrieval (MDRD). By Time 4, when children were 6 years 11 months of
age on average, all subtypes used automatic retrieval more frequently than ﬁnger counting.
In general, delayed retrieval was the third strategy of choice. Use of this strategy was found to de-
crease over time for TA children and to remain generally constant for all other subtypes. By contrast,
derived fact retrieval, a more mature strategy, was not observed at all at Time 1 for any of the subtypes
and virtually not at all by Time 4 for the MD and MDRD subtypes. The growth was most evident in the
two subtypes without mathematical difﬁculty for whom derived fact retrieval became the second
Fig. 2. Mean proportion of trials on which each strategy was used by time and subtype.
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p = .04; tTA = 2.41, df = 24, p = .02.Strategy shift by subtype
The key difference between the subtypes was the extent and timing of strategy shift, as revealed by
a signiﬁcant Time  Subtype  Strategy interaction, F(27,585) = 2.49, p < .001, g2p ¼ :10. As Fig. 2
shows, the most salient feature of this interaction was the mirror symmetry between the two most
frequently used strategies, ﬁnger counting and automatic retrieval, suggesting a switch from ﬁnger
counting to automatic retrieval over time, with the timing of this shift differing between subtypes.
Post hoc analysis revealed that although both TA and RD children were found to favor ﬁnger counting
over automatic retrieval at Time 1, the difference was signiﬁcant only for the RD subtype (p = .03). For
both math difﬁculty groups, there was a clear, but nonsigniﬁcant, preference for automatic retrieval at
Time 1. By Time 2 (5 years 11 months of age), TA was the only subtype to use automatic retrieval sig-
niﬁcantly more often than ﬁnger counting (p = .01), whereas for RD children this difference reached
signiﬁcance (p < .001) only at Time 4 (6 years 11 months of age). MD and MDRD children, on the other
hand, failed to demonstrate a statistically signiﬁcant preference for either strategy at any time point,
although by Time 4 all subtypes demonstrated the greatest use of automatic retrieval. Most notable
was the more unstable nature of strategy choice by MDRD children over time compared with the other
subtypes, with preference oscillating between automatic retrieval and ﬁnger counting (Fig. 2).Subtype differences by strategy
Finger counting. Over time, there was a signiﬁcant change in the use of ﬁnger counting, but this effect
was modiﬁed by a Time  Subtype interaction, F(9,198) = 3.72, p < .001, g2p ¼ :15. MD children dis-
played virtually no change over time in the use of ﬁnger counting, whereas polynomial contrasts re-
vealed best ﬁt negative linear trends for RD children, F(1,9) = 13.22, p = .005, g2p ¼ :60, and TA children,
F(1,23) = 15.06, p = .001, g2p ¼ :40, and a quadratic trend, F(1,15) = 6.24, p = .025, g2p ¼ :29, for MDRD
children, with an initial increase in use followed by a decrease, resulting in a return to Time 1 levels
by Time 4.
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Time  Subtype interaction for this relatively immature strategy, with children generally using de-
layed retrieval less frequently at Times 3 and 4.
Automatic retrieval. There was a signiﬁcant Time  Subtype interaction, F(9,195) = 3.87, p = .010,
g2p ¼ :06. A signiﬁcant positive linear trend for time was apparent for the TA subtype,
F(1,23) = 10.87, p = .003, g2p ¼ :32, and the RD subtype, F(1,9) = 9.28, p = .014, g2p ¼ :51. By contrast,
neither the MD nor MDRD subtype showed a signiﬁcant change over time, and both obtained best,
but nonsigniﬁcant, quadratic ﬁts (ps = .163 and .195, respectively). For both groups, the trend was
characterized by an initial decrease in use between Times 1 and 2, followed by an increase between
Times 3 and 4 to Time 1 levels of use.
Derived fact retrieval. There was a signiﬁcant Time  Subtype interaction, F(9,198) = 2.93, p = .003,
g2p ¼ :13, for this strategy. Analysis revealed signiﬁcant best ﬁt positive linear trends for the TA sub-
type, F(1,23) = 32.70, p < .001, g2p ¼ :59, and the RD subtype, F(1,9) = 8.18, p = .019, g2p ¼ :48, and best,
but nonsigniﬁcant, linear ﬁts for the MD and MDRD subtypes (ps = .131 and .122, respectively).
Effectiveness of strategies
Fig. 3 presents the effectiveness of strategy use, that is, the mean proportion correctly answered for
a given strategy, as indicated by the diameters of the circles on the graphs, with diameter proportional
to the number of correctly answered problems divided by the frequency of use of that strategy. Table 2
presents these effectiveness data.
Following Jordan and colleagues (2008), for the two dominant strategies of ﬁnger counting and
automatic retrieval, correlations between the proportion of problems on which the strategy was used
and the proportion of those trials solved correctly at each time point are presented in Table 3. Corre-
lations were not calculated where very low levels of overall use and/or accuracy made such a calcu-
lation impractical or difﬁcult to interpret. Speciﬁcally, at Time 4, only 1 RD child was found to useFig. 3. Mean proportion of trials on which each strategy was used and accuracy of each strategy by time and subtype. Accuracy
is indicated by circle diameters, with diameter proportional to mean proportion of trials correct.
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obtain a single correct response using automatic retrieval. As Table 3 shows, the pattern of correla-
tions suggests increasing adaptiveness in the use of both ﬁnger counting and automatic retrieval
for all subtypes. Further statistical analysis was not feasible due to the small numbers of valid cases
in each subtype arising from zero use of a given strategy by an individual child at a given time point.
Instead, data are presented descriptively.TA. Overall, this subtype showed effective use of all strategies from Time 2 onward, as indicated by the
preponderance of large circles on the graph. At Time 1, TA children used automatic retrieval on
approximately one third of trials, and approximately half of these were answered correctly.
The shift from ﬁnger counting to automatic retrieval is clearly evident for this group, with fre-
quency of ﬁnger counting decreasing from approximately 0.45 of all trials to 0.1 between Times 1
and 4.
Delayed retrieval was used on approximately one quarter of trials at Time 1 but was relatively inef-
fective, with an average proportion of .27 of correct trials. From Time 2 onward, the frequency of use of
delayed retrieval decreased consistently, although when it was used it was with markedly greater
effectiveness.
Derived fact retrieval was not used at all at Time 1, but the frequency increased consistently across
time to approximately one quarter of trials by Time 4. When used, this strategy proved to be highly
effective.RD. Overall, the pattern of strategy use by RD children was similar to that of the TA subtype, although
the small circles at Times 1 and 2 demonstrate less accuracy for all strategies at Time 1 and for delayed
retrieval and automatic retrieval at Time 2. At Times 1 and 2, accuracies of 0.43 and 0.41 of trials for
automatic retrieval were in marked contrast to those of 0.67 and 0.84 for TA children.
Again, the switch from ﬁnger counting to automatic retrieval was evident. By Time 4, the use of
these two strategies was very similar to that of TA children at approximately 0.1 and 0.6 of trials,
respectively.
As for TA children, this subtype demonstrated a gradual increase in the use of derived fact retrieval
over time, becoming the second strategy of choice by Time 4. Again, when used, this strategy proved to
be highly effective, with accuracy at or exceeding 0.9 of trials.MD. This subtype demonstrated a strikingly low accuracy at Time 1 for all strategies. Furthermore, in
contrast to the TA and RD groups, automatic retrieval was used more frequently at Time 1 than ﬁnger
counting but with very low accuracy. Thus, there was no evidence of switching from ﬁnger counting to
automatic retrieval at Time 2, with the former used on approximately one third of trials virtually con-
stantly across all time points. In contrast to the two non-mathematics difﬁculty subtypes, the pattern
of use of automatic retrieval was U-shaped, with nearly total inaccuracy at Time 1 and moderate accu-
racy thereafter.
Frequency of delayed retrieval showed little change over time, and the strategy remained largely
ineffective throughout. There was a virtually negligible increase in the use of derived retrieval, with
very low levels of accuracy on the few trials where the strategy was used.Table 2
Proportion of problems correct by subtype, time, and strategy.
Subtype TA RD MD MDRD
Time 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
Finger counting .66 .62 .86 .85 .37 .70 .89 .95 .23 .60 .67 .67 .39 .42 .57 .62
Delayed retrieval .26 .67 .75 .87 .33 .29 .64 .67 .11 .35 .39 .29 .02 .21 .19 .55
Automatic retrieval .67 .84 .86 .97 .43 .41 .71 .91 .11 .48 .58 .69 .17 .29 .51 .79
Derived fact retrieval .50 .88 .97 1.00 – 1.00 .83 .96 – – .00 .33 – – .00 .00
Table 3
Correlations between the proportion of problems on which a strategy was used and the proportion of those trials solved correctly
by time point and subtype.
Time 1 Time 2 Time 3 Time 4
TA Finger counting .70 .80 .94 .90
Automatic retrieval .64 .91 .91 .98
RD Finger counting .75 .86 .78 –
Automatic retrieval .31 .42 .66 .88
MD Finger counting .61 .79 .83 .71
Automatic retrieval – .12 .65 .82
MDRD Finger counting .83 .61 .87 .93
Automatic retrieval – .51 .58 .79
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the four strategies. Thus, automatic retrieval produced a U-shaped pattern, albeit with a slightly lower
overall level of use than the MD subtype. Unlike MD children, however, there was evidence of mirror
symmetry and switching between ﬁnger counting and automatic retrieval, with automatic retrieval
favored at Time 1 (albeit with very low accuracy), ﬁnger counting favored at Times 2 and 3, and much
more accurate automatic retrieval at Time 4.
Overall, accuracy rates at Times 1 and 2 were low and comparable to those for MD children. Accu-
racy across all four time points was clearly more similar to the MD subtype than to the other two
subtypes.
Frequency of delayed retrieval was slightly higher than for other subtypes and remained largely
unchanged over time. Effectiveness of this strategy was very poor, albeit with some improvement
at Time 4.
As for the MD subtype, MDRD children demonstrated a negligible increase in the use of derived fact
retrieval with comparably low levels of accuracy.Individual differences
Consideration of individual differences addresses two alternatives. The ﬁrst is whether individuals
within a subtype exhibit a signature characteristic of that subtype reﬂecting the group proﬁle and dis-
tinct from other subtypes. The second is whether similar individual signatures are found across sub-
types so that group patterns are an aggregate of these disparate signatures. The latter alternative may
be considered to undermine the subtyping approach, suggesting the need for caution in interpreting
group differences.
Fig. 4 presents an individual graph for each child, in the four subtypes at each time point, using the
format adopted for group data in Fig. 3 (data for only those children who were present at all four time
points are plotted). For each subtype, individual graphs are presented in order of age from youngest to
oldest.
Whereas Figs. 2 and 3 showed clear group trends in use and accuracy, Fig. 4 indicates that these
group trends obscure marked individual differences within all subtypes.TA
Although the group data suggest an appropriate use of strategies at all time points, reﬂected in high
levels of accuracy, and a shift to more mature strategies (automatic retrieval and derived fact retrieval)
over time, individual graphs show that some TA children did not exhibit such patterns. Thus, for ﬁnger
counting, the group frequency ﬁgure of 0.45 (Fig. 2) and accuracy of 0.66 (Table 2) at Time 1 was pro-
duced by only 9 children, 6 of whom demonstrated poor effectiveness with error rates from 0.5 (11) to
0.8 (4), 5 of whom were in the younger half of the group. Of these children, 3 (2, 5, and 16) continued
to rely on ﬁnger counting at Time 3 or beyond. Conversely, 10 children showed no use, or virtually no
use, of ﬁnger counting at any time point.
Fig. 4. (A) Individual graphs of frequency of use and accuracy by time and strategy for TA subtype. (B) Individual graphs of
frequency of use and accuracy by time and strategy for RD subtype. (C) Individual graphs of frequency of use and accuracy by
time and strategy for MD subtype. (D) Individual graphs of frequency of use and accuracy by time and strategy for MDRD
subtype. In all panels (A–D), accuracy is indicated by circle diameters, with diameter proportional to mean proportion of trials
correct.
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tive, reliance on this strategy by 6 children but virtually no use from Time 2 onward by approximately
80% of children.
Overall, approximately half of TA children failed to exhibit the group trend for use of automatic re-
trieval seen in Figs. 2 and 3. Although the majority demonstrated little or no use of automatic retrieval
at Time 1, by Time 4 the use of this strategy by TA children proved to be highly effective, with the
exception of two younger children (1 and 9).
There was a clear trend of increasing and highly effective use over time of derived fact retrieval for
TA children, albeit to a group average proportion of 0.25 of trials. However, the group trend obscures
marked individual differences, with 8 children showing no use of derived fact retrieval at Time 4, 5 of
whom did not use the strategy at any time point.
RD
Across all four strategies, the individual graphs reveal particular difﬁculties for 3 RD children (27,
28, and 30), with high error rates on all problems at all or most time points.
Fig. 4B reveals broadly similar patterns to the TA subtype. For ﬁnger counting, of the 10 children, 2
demonstrated no use of the strategy at all, and of the others, 6 did so ineffectively. Dysfunctional use of
delayed retrieval was evident for 2 RD children (27 and 33). Indeed, these children exhibited exclusive
reliance on delayed or automatic retrieval, with consistently high error rates at Times 1 to 3. Overall,
the group error rate for automatic retrieval at Time 1 was due largely to 1 child (27), whereas the rel-
atively high group accuracy at Times 3 and 4 (Table 2) obscured persistent ineffective use by this child.
For derived fact retrieval, individual graphs suggest that the group effect of a gradual increase in
frequency of use was due to only half of the children, with 5 exhibiting no use whatsoever or use
on only one trial at any of the four time points.
MD
Across all four strategies, individual graphs reveal particular difﬁculties for approximately half of
the MD children, with high error rates on all problems at all time points, with most of these children
being among the youngest in the group.
Of the 20 children, 5 relied almost exclusively on ﬁnger counting at Time 1, in all cases demonstrat-
ing high or total inaccuracy. One child (50) continued to show highly ineffective use of ﬁnger counting
across the four time points, whereas another child (40) used the strategy at Times 1 and 4 with vir-
Fig. 4 (continued)
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layed retrieval virtually not at all. In general, the use of delayed retrieval was almost always dysfunc-
tional for all MD children.
The U-shaped group trend in frequency of use of automatic retrieval over time seen in Figs. 2 and 3
was not evident in the individual graphs, suggesting little or no generalized group tendency. Individ-
ual graphs revealed interesting trends in automatic retrieval, with half of the children using the strat-
egy at Time 1 with virtually complete inaccuracy, a tendency also evident in many MD children at
Time 2. The youngest child in the group used automatic retrieval virtually exclusively and completely
ineffectively at all four time points. Among the older half of the group, most were found to use the
strategy effectively, particularly from Time 2 onward.
Fig. 4 (continued)
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child (45) showing no use, or virtually no use, of the strategy at any time point. Thus, the group trend
of a very shallow increase in frequency of use was due solely to this child.
MDRD
For all four strategies, individual graphs revealed particular difﬁculties for 4 MDRD children, with
high error rates at all time points. Most did not use ﬁnger counting at all at Time 1, and the inverted U
group trend in use over time (Fig. 3) is due to fewer than half of the children. A higher proportion of
this subtype was found to use delayed retrieval to some degree compared with other subtypes, and
the relative ineffectiveness of the strategy (Table 2) was evident in virtually all participants.
For automatic retrieval, at Time 1, a similar tendency to the MD subtype was found, with 6 of the
participants using the strategy completely ineffectively. The strategy was found to be more effective at
later time points for approximately half of the children. As for the MD subtype, the effective use of
derived fact retrieval was conﬁned to 1 child (57), with very scant use by 3 other children. For the
MD and MDRD subtypes, the children who used this strategy did so at later time points, in contrast
to TA children whose use was spread more evenly across time.
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The current study focused on the issues of strategy use and effectiveness in exact calculation, inves-
tigating whether there was evidence of differences among the four achievement subtypes at a younger
age than previously reported. To date, the study is unique in considering individual differences in pat-
terns of strategy use and their effectiveness. A supplementary aim was to inform the debate regarding
whether MD and MDRD may be considered to be qualitatively distinct subtypes.Overall group trends in accuracy
We found that the overall performance over time, aggregated across strategies, supported previous
ﬁndings of subtype differences. For all subtypes, performance on exact calculation improved signiﬁ-
cantly between each time point. Consistent with previous studies involving older samples (Hanich
et al., 2001; Jordan & Hanich, 2000; Jordan et al., 2003), TA children signiﬁcantly outperformed all
other subtypes. RD children performed better than both mathematical difﬁculty subtypes at all time
points, although not always at a level of statistical signiﬁcance.
Overall accuracy at Time 1 was low for all subtypes and especially for the two mathematical difﬁ-
culty groups. By Time 4, the performance of both MD and MDRD children was only marginally above
that of the TA group at Time 1, suggesting a developmental lag of approximately 18 months in exact
calculation. RD children’s performance suggests a lag of approximately 6 months behind TA children.Strategy use
At Time 1 (mean age = 5 years 5 months), ﬁnger counting was found to be the dominant strategy
for the TA and RD subtypes, whereas automatic retrieval was dominant for both math difﬁculty sub-
types. By Time 4, automatic retrieval was the more frequently used and more accurate strategy for all
subtypes.
To varying extents, all subtypes exhibited a shift from the use of less to more mature strategies pre-
viously reported to be characteristic of TA children (e.g., Geary et al., 2000; Hanich et al., 2001; Siegler,
1996). Notably, however, subtypes differed in terms of the timing and magnitude of this change.
The shift away from the less mature strategy of ﬁnger counting was evident after Time 1 in TA chil-
dren and Time 2 in RD children. A gradual decline in the use of delayed retrieval in both groups was
also evident from Time 1. For MD and MDRD children, use of delayed retrieval remained fairly con-
stant across the four time points, albeit for approximately only one ﬁfth of problems. Both subtypes
also showed higher levels of use of ﬁnger counting relative to TA and RD children at Times 3 and 4.
Finger counting in MDRD children also showed a distinctive inverted U shape, with a sharp increase
from an arguably inappropriately low level at Time 1 to a peak at Time 2, little change at Time 3, and a
sharp decrease at Time 4, albeit to a level similar to that at Time 1. For all subtypes, there was clear
mirror symmetry in use of the two more dominant strategies of ﬁnger counting and automatic retrie-
val. MD children displayed stable use of ﬁnger counting and delayed retrieval over time, a ﬁnding con-
sistent with previous research suggesting that the strategy development of children with
mathematical difﬁculties is characterized by more persistent use of immature strategies (Geary
et al., 1991, 2000; Ostad, 1997). MDRD children also showed a high degree of stability of delayed re-
trieval over the four time points.
By Time 4, there had been a marked shift from less to more mature strategies for both TA and RD
children, with ﬁnger counting and delayed retrieval at very low levels of use. A striking feature of our
ﬁndings was the progressively decreasing slopes associated with derived fact retrieval from TA
through MDRD children. By Time 4, derived fact retrieval was the second preferred strategy for both
TA and RD subtypes. By contrast, for both mathematical difﬁculty subtypes, ﬁnger counting and de-
layed retrieval remained much preferred strategies over automatic retrieval and derived fact retrieval
across all time points. At the level of group analysis, the preference for ﬁnger counting over more ma-
ture strategies may be a distinguishing feature of mathematical difﬁculty between 5 and 7 years of
age.
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matic retrieval but with very low success rates, suggesting inappropriate strategy choice at 5 years
5 months of age. Both groups were found to make inappropriate use of this more developmentally ma-
ture strategy on approximately half of all trials. By contrast, TA and RD children used automatic retrie-
val on only one third of trials but with much greater accuracy.
Our ﬁndings regarding the use and effectiveness of ﬁnger counting by TA children contrast with
those of Jordan and colleagues (2008), who reported increasing use of ﬁnger counting from approxi-
mately 10% of problems at a mean age of 5 years 7 months to 45% of trials at around a mean age of
7 years 0 months. We found a sharp decline in the use of ﬁnger counting by TA children across this
age range, a comparable decline in RD children, and no decline in MD children. Only our MDRD chil-
dren showed an increase in the use of ﬁnger counting; however, this trend was reversed between 6
and 7 years of age.
In terms of effectiveness, whereas Jordan and colleagues (2008) reported a gradual decrease in the
correlation between use and accuracy for TA children over time, we found this correlation to increase
markedly between Times 1 and 4, with similar trends for RD, MD, and MDRD subtypes. Our results
suggested that for all subtypes, the use of ﬁnger counting became more adaptive over time, although
the overall frequency of use declined. For children with math difﬁculties, our ﬁndings support those of
Geary and colleagues (1991) that, over time, MD children became more skilled at ﬁnger counting.
For the other dominant strategy, automatic retrieval, we found highly adaptive use by TA children
across all time points. A similar trend was evident for RD children from Time 3 onward, but more pat-
chy trends were found for the two mathematical difﬁculty groups, although by Time 4 these children
also showed adaptive use of automatic retrieval. Geary and colleagues (1991, 2000) reported that MD
children did not become more skilled at direct retrieval of number facts, suggesting persistent deﬁcits
in number fact retrieval. Our data do not support this contention; rather, they suggest a developmen-
tal delay in adaptive use of automatic retrieval of 12 months in RD children and approximately
18 months in the MD and MDRD subtypes.Individual differences
As previously reported by Jordan and colleagues (2009), group trends were found to obscure
important individual differences within subtypes. There was considerable heterogeneity within all
four subtypes in terms of both use and effectiveness of the four strategies across time. Overall, TA chil-
dren were highly adaptive in their use of strategies. However, at Time 1, more than one third of chil-
dren used ﬁnger counting virtually exclusively with mixed success. Of the children who did so
ineffectively, it is notable that all but 1 child was among the younger half of the TA group and, thus,
may have been attempting to compensate for relatively weak number fact knowledge. The 3 children
who used ﬁnger counting effectively at Time 1 were older and presumably made fewer counting er-
rors, suggesting more effective working memory processing. From Time 2 onward, ﬁnger counting
dropped off rapidly in most TA children, although approximately 10% continued to use the strategy
relatively frequently at Times 3 and 4 but with more success.
The pattern of ﬁnger counting among the TA subtype offers partial support to Jordan and col-
leagues’ (2008) ﬁnding that children did not engage in ﬁnger counting at an early stage inasmuch that
this was so for approximately half of our TA sample at Time 1 but emphatically not so for another one
third. Similar patterns of use were evident for the RD and MD subtypes, whereas MDRD children
exhibited even less use of ﬁnger counting at Time 1 with a correspondingly greater, albeit highly inac-
curate, use of automatic retrieval.
One of the more striking ﬁndings was the pattern of use and effectiveness of derived fact retrieval
by the four subtypes. Consistent with the group analysis, individual patterns of use appeared to dis-
tinguish the two mathematical difﬁculty groups from TA and RD children. Although the overall use
of the strategy was low, there was evidence of some use by most TA and approximately half of RD chil-
dren, compared with only 20% of MD and 27% of MDRD children. Such patterns of use and effective-
ness suggest that the mature strategies of automatic retrieval and derived fact retrieval are closely
related and that derived fact strategies are not available to children with limited access to known facts.
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children who are reasonably good at calculation are more likely to use derived fact strategies.
Delayed retrieval appeared to distinguish the math difﬁculty subtypes from the other two sub-
types, with virtually all MD and MDRD children using the strategy to some degree and doing so largely
ineffectively. By contrast, there was evidence of more effective use of delayed retrieval in the RD and
TA subtypes. The ineffective use by the vast majority of math difﬁculty subtypes suggests that these
children resorted to delayed retrieval for problems of which they had poor knowledge and for which
counting or slow retrieval resulted in errors.
The very high and accurate use of automatic retrieval, especially from Time 2 onward, distin-
guished the TA children from the other subtypes. However, even in this group, several children
showed relatively high levels of inaccuracy at Times 1 and 2. As with delayed retrieval, this strategy
appeared to distinguish the math difﬁculty subtypes from the RD and TA children, with higher levels
of error or virtually total avoidance of automatic retrieval.
The relatively large number of schools from which the children were recruited, and associated dif-
ferences as a result of teacher effects and socioeconomic status, might be considered as candidate
explanations for such heterogeneity. We contend, however, that these factors offer little explanation
for the effects observed. As described in the Method section, socioeconomic status was scored at the
school level (individual indicators were not available) and care was taken during the screening and
ﬁnal sample selection stages to ensure a range comparable to that of the general population. Regard-
ing teaching and support differences, all schools taught the same curriculum and, as shown in Table 1,
relatively low levels of support for reading and math difﬁculties were provided in all subtypes. Rather,
we suggest that the heterogeneity of strategy use and effectiveness within the four subtypes reﬂects
fundamental individual differences in the development of arithmetic, an understanding of which, as
previously proposed by Dowker (2005), can be developed only via a longitudinal, multidisciplinary re-
search effort.
Are MD and MDRD qualitatively different subtypes?
Both the MD and MDRD subtypes initially showed high preference for, and ineffective use of, auto-
matic retrieval, which was in distinct contrast to the TA and RD subtypes. Thereafter, the two math
difﬁculty groups differed only in terms of their use of ﬁnger counting, which was highly consistent
and effective among MD children but less consistent and effective among MDRD children. That said,
from Time 2 onward, and particularly when individual differences within groups were considered,
the MD and MDRD children shared many common characteristics, particularly in terms of modest
growth in the use of derived fact retrieval, little change in automatic retrieval, and maintenance of rel-
atively high use of ﬁnger counting over time compared with TA and RD children.
On the whole, our results do not provide evidence that the MD and MDRD subtypes are qualita-
tively distinct groups. In fact, the overlap among all subtypes is evident from the individual graphs
(Fig. 4), which show how group averages have been achieved. Such overlap would help to explain
the relative instability of subtype classiﬁcations over time reported in the literature (e.g., Geary,
1990; Geary et al., 2000; Jordan, Wylie, & Mulhern, 2010; Jordan et al., 2003).
Several factors may account for differences between ﬁndings in various studies, including the age
at which classiﬁcation took place (in our case 5 years) and the screening tests used. Issues around
the factors underlying mathematical difﬁculty may also be relevant and may affect classiﬁcation.
There is uncertainty over the types of deﬁcit that may contribute to children’s mathematical difﬁcul-
ties (Swanson & Kim, 2007) and over the extent to which these may occur in isolation or may co-occur
in various combinations. To date, numerous deﬁcits have been linked to the MD subtype, including
poor number sense (Butterworth, 1999), visuospatial difﬁculties (Rourke & Conway, 1997), and exec-
utive dysfunction (Geary et al., 2007). It is unclear as to which areas of strategy development these
may affect and whether certain deﬁcits are more detrimental than others. If multiple cognitive deﬁcits
do underlie children’s mathematical difﬁculties, then it might not be surprising if there were greater
variation within than between the MD and MDRD subtypes. Furthermore, as a consequence of differ-
ences in methods of classiﬁcation, there may be variation between studies in terms of the patterns of
cognitive deﬁcit that underlie the children’s mathematical difﬁculties in a given sample.
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Our study provides some unique insights into the strategic development of children younger than
those studied previously. We found differences between RD children and both mathematical difﬁculty
subtypes. At 5 years 5 months of age, TA children were found to differ from other subtypes in the
effectiveness of their strategy choices, although the difference between TA and RD children was less
apparent, especially at Time 2 (5 years 11 months of age).
Our longitudinal data concerning typical development of ﬁnger counting contrast with those of Jor-
dan and colleagues’ (2008) sample of 7- to 9-year-olds in terms of both frequency of use and
adaptiveness.
Notwithstanding our observations of heterogeneity within all subtypes, MDRD children may be
characterized by poor strategy choice at 5 years 5 months of age, favoring automatic retrieval, some
reliance on ﬁnger counting, and delayed retrieval at 6 years 11 months of age, and almost no use of
derived fact retrieval. MD children were also found to strongly favor automatic retrieval and ﬁnger
counting, with relatively little change between 5 years 5 months and 6 years 11 months of age. MD
children also exhibited virtually no use of derived fact retrieval.
RD children showed greater similarity to the TA group than to either the MD or MDRD group, with
very similar patterns of change over time in use of ﬁnger counting and automatic retrieval. At both
group and individual levels, these children showed notable growth in the use of derived fact retrieval.
Arguably, the emergence or not of this strategy between 5 years 5 months and 6 years 11 months of
age is one of the more striking contrasts between children with mathematical difﬁculty and those
without.
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